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INFINITE TYPE GERMS OF SMOOTH HYPERSURFACES IN C 

JOHN ERIK FORN^SS, LINA LEE, YUAN ZHANG 

Abstract. In this paper we discuss germs of smooth hypersurface in C n . We 
show that if a point on the boundary has infinite D'Angelo type, then there 
exists a formal complex curve in the hypersurface through that point. 



1. Introduction 

Let M be a C°° real hypersurface in C™ and p G M. Then there is a C°° local 
defining function r of M near p, i.e., M = {r = 0} n U, where U is some neigh- 
borhood of p and dr(p) ^ 0. Let £ : (C, 0) — ► (C n ,p) be a germ of a nonconstant 
holomorphic curve that sends to p. Let v (£) denote the degree of vanishing at 

of the function |£i(t) - Ci(0)| H h |Cn(*) - Cn(0)|. Likewise, let v(C r ) denote the 

order of vanishing of r o £ at the origin. 

Definition 1. The D'Angelo type of M at p, A(M,p) is defined as 

A(M,p) :=sup^-i 

c nC) 

We say that p is a point of finite type if A{M,p) < oo and infinite type otherwise. 
We also denote 

A(M,p,C) :=4™ 

KC) 

In the convergent case, D'Angelo [1] proved the following theorem: 

Theorem 1 (D'Angelo). If M is a germ of a real analytic hypersurface in C" and 
p G M, then A(M,p) = oo if and only if there exists a germ of a complex curve 
: (C, 0) — ► (C n ,p) lying on M and passing through p. 

In this paper we prove the formal analogue of this result. With a formal complex 
curve through p we mean an expression of the form ((t) = (£i(t), . . . , Cn(*)) where 
each Q is a formal power series in the complex variable t and £(0) = p. 

Theorem 2. If M = {r = 0} is a germ of aC°° real hypersurface in C" andp G M, 
then A(M,p) = oo if and only if there exists a nonconstant formal complex curve 
C(t) : (C, 0) ► (C n ,p) such that £(0) = p and ro( vanishes to infinite order at 0. 

The proof is similar in outline to the proof by D'Angelo, but the formal analogue 
is somewhat different in some places. Denote by n Oo the ring of germs of formal 
complex power series at in C™. A key ingredient is the following 

Theorem 3. Let I be an ideal in n Oo. If dim( n Oo / 1) = oo, then there is a formal 
power curve £ near such that (* f ~ for all f G I . 



*The first author is supported by an NSF grant. Keywords: Plurisubharmonic Functions, 
D'Angelo type. 2000 AMS classification. Primary: 32T25; Secondary 32C25 
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In section 2 we collect background results. Then in Section 3 we prove the 
Theorem using Theorem 3, a version of the Nullstcllcnsatz, and in the last section 
we prove Theorem 3. The authors are grateful to Steven Krantz for suggesting this 
problem. 

2. Preliminary results 

2.1. Infinite matrices. Let M denote the set of infinite matrices 

an a 12 ... 

Cl21 G122 

where the {a%j)\<i^<oa are complex numbers. 

For A = {ciij} G M let A* = {ajt] denote the adjoint matrix. We let Mo denote 
those matrices A for which all sums, J2j \ a ij\ 2 — 1> J2i \ a ij\ 2 — 1- If A = { a ij}, B = 
{but} 6M we define the matrix product AB — {cu} where cn — J2k a ikbke if all 
these sums are convergent to a finite complex number. If A, B G Mo then the 
matrix product AB G M always exists. Also let Mi C Mo denote the unitary 
matrices, i. e. those for which AA* = A* A = I =: {<%}. 

If A = {ciij} e M,A k — {afj} G Mo, k = 1, . . . and for each i, j, — > a^, k — > 
oo we say that Ak converges weakly to A. In this case it is easy to see that A G 
Mo- In particular we note that if we have a sequence Uk € Mo, after taking a 
subsequence, we can assume that Uk — ► t/ G A^o and U^ ^ U* ^ Mo- 

We let A^i,fe C A4i denote those unitary matrices A = {a^} for which = 5^ 
whenever max{i, j} > k. Then the matrix k A = {aij}i<i.j<k is a unitary matrix on 
C fc and A looks like the identity matrix outside the first k x k block. 

Let £ denote the infinite sequences of complex numbers c = {cj}j>i with norm 
||c|| 2 = J2j \ c j\ 2 - Then if A G Mi, then ||Ac| = ||c||. By weak convergence it follows 
that if A G Mo is a weak limit of matrices in Mi, then we still have ||Ac|| < ||c||. 

2.2. D'Angelo description of defining functions. Let r be the defining function 
of a smooth hypersurface around in C n . For multiindices J = (Ji, . . . , J n ),K = 
(Ki, . . . , K n ), denote |J| := YTj=i'h an ^ set J < AT using some lexicographic 
ordering. In other words, we say J < K if and only if either |J| < \K\, or \J\ = \K\ 
and there exists k < n such that Jj = Kj for j < k and Jk+i < Kk+i- Then we 
can write formally 



r ~ 23?/i + 43?^ a JKZ J z 



J K>*J 



j if>*j 



2 



2 



2Uh + Y Z ' J + £ 7ijKZ 



K 



£* J 




2' 



J K>*J 



J 



K>*J 
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where h is holomorphic, fj = z J + J2k>*j a JKZ K and gj = z J - J2k>*j a JKZ K . 

The key property for the above decomposition is that if we truncate r at any k 
only finitely many terms are nonzero. 

3. Formal Power Series Case 

For any given formal complex series g, we use jk{g) to denote the k-jets of g. A 
slight change of D'Angelo's theorem states as follows: 

Lemma 1. Let ( = C,k be a curve passing through the origin. If j2fe^(c)(C* r ) = 0, 
then there is an infinite unitary matrix Uk such that 

(1) j 2 kv(C)(Ch) = jku(o(C(f - U k g)) = 0. 

Proof. Ifj 2MC) (C*r) =0,thenj 2M<) (C*/i) = and j 2MC) (||C*/I| 2 ) = J2^( C ) (II C^ll 2 ) ■ 
Thus \\jkv(()(* f\\ 2 — I|jfei/(C)C*5|| 2 - Note the above norms make sense since there 
are only finite many terms in / and g with non-vanishing fc-jets for each k accord- 
ing to our decomposition of r. For these finitely many f/s and <7j's, applying (1 
Theorem 3.5), one can find an element U of the group of unitary matrices such that 

jku(o(C(f-Ug)) = o- 

Extending U to an unitary operator U on I 2 by letting rest of the diagonal entries 
to be 1 and others 0, then we have |T]) holds. □ 

Denote by Mq the maximal ideal in n Oo consisting of those which formally vanish 
at and define D(I) := dim n Oo/^- 

Lemma 2. D(I) < oo if and only if for some integer k,Mg C /, where Mq is a 
maximal ideal of n Oo. 

Proof. If M fc C /, then D(I) < D(M fe ) < oo. If D(I) = I < oo, then z\ E I for 
j = 1, . . . , n. Therefore Mq C I. □ 

Lemma 3. Suppose that the domain r < has infinite type at 0. Then there 
exists a matrix U G A4o which is a limit of matrices in Mi so that the ideal 
I = I(h, f — Ug, U* f — g) has infinite dimension. 

Proof. Since the domain has infinite type, there is a sequence of unitary matrices 
Uk as in the previous lemma. Let U be any weak limit of the Uk- Suppose that / 
has finite dimension. Then there exists an integer i so that Mq C /. But then, for 
large enough fc, Mq C I(h, f — Ukg, U^f — g), a contradiction. □ 

Corollary 1. Let M = {r = 0} be a smooth hypersurface in C n . Let £ be a formal 
curve. Then £*r ~ if and only if there exists an operator U € Mq which is a weak 
limit of operators in Mi such that / ~ for any f € I as in Lemma 

Proof. We only need to prove the sufficient direction, so consider any formal curve 
C such that (*h ~ C*(/ - Ug) - (*(U*f - g) ~ 0, Then j k ((*h) = and 

lli*(CV)ll = lli*(C*i/5)ll = ll^fc(C*5))ll 
< lli*(C*fl)ll 

= \\j k (Cu*f)\\ = \\u*Uk(Cf))\\ 
<IU*(CV)I|. 

Therefore ||jfe(C*/)ll = lbfc(C*5)ll f° r an Y Letting k goes to infinity, then (*h ~ 
WCfW 2 ~ \\Cg\\ 2 ^ and hence C*r - 0. □ 



4 



JOHN ERIK FORNjGSS, LINA LEE, YUAN ZHANG 



To complete the proof of Theorem 2, we only need to prove Theorem 3. 

4. Theorem 3 

In the context of formal complex power series case, many parallel algebraic prop- 
erties to those of convergent power series still hold. To our interest, we mention 
that the local ring n Oo is Noetherian. Moreover, Weierstrass preparation Theorem 
and division Theorem are both valid in the formal case. The reader may check [3], 
[5] etc for references. 

For any proper ideal / in tl Oq, following the idea of GunningQ3j), we can similarly 
construct regular system of coordinates z\ , . . . , z n such that there exists an integer 
k satisfying: 

1. k O nI=0; 

2. j-\Oo[zj] n / contains a Weierstrass polynomial pj in zj for j = k + 1, . . . , n. 

In addition if / is prime, the theorem of the primitive element guarantees that 
by making a linear change of coordinates in z^+i, ■ ■ ■ , z n plane, the quotient field 
„M of n Oo/I is an algebraic extension of fcO - i-e- n Mo — kO[Sk+i]- We call 
the above regular system of coordinates to be strictly regular system of coordinates. 
Denote the discriminant of the unique irreducible defining polynomial Pk+i of z^+i 
by D. Then for each coordinate function Zj, we can construct qj := D ■ Zj — 
Qj( z n+i) £ lHkO[zk+i, Zj] for some Qj € j~0[zj},j = k + 2, . . . , n. We also usepj € 
kOo[zj] to denote the defining Weierstrass polynomial of zj. The ideal generated 
by Pk+i, q_k+2 ■ ■ ■ , In is called to be the associated ideal. 

The following lemma shows that the associated ideal (pk+i, <Zfc+2 • • • , Qn) and the 
original ideal cannot differ by very much. 

Lemma 4. There exists an integer v such that 

D V I C (pk+i , qk+2 ■ ■ ■ , q n ) QI- 

If / is a principle ideal, we have the following result. 

Lemma 5. Let P(zi, . . . , w) be a formal Weierstrass polynomial P = w + 
Sj<£ bj(zi, . . . , ZkjW 1 , bj(0) — 0. Suppose that D(z\, . . . , Zk) ^ 0. Then there 
exists a formal curve C in C fe+1 such that P o £ - . 

Proof. After linear change of coordinates on (zi, . . . , Zk), we assume D(zi, 0, . . . , 0) ^ 
0. Write D(zi, 0, 0) = Yl°jL s a i z i wnere a s ^ 0. Next we consider truncations 
P r of P where r >> s. Then the discriminant of P r , D r as a polynomial in the 
elementary symmetric functions can still be written as D r {z\, 0, . . . , 0) = az{ + • • ■ . 
For z\ ^ we can write P r (zi, 0, 0) = IX/(w — a r (zi)). The expression of D r 
leads to the estimate \aj — > c\z\\ s for some small c. Let A(a^(zi), e|^i | s ) be 
the disk with radius e|zi| s centered at aj(zi) for each j. Then on the boundary 
of these discs \P r \ > (e\zi\ s ) e . So for all higher truncations with p > r » s£ we 
have as well that \P p \ > (e|2:i|)^ and that the zeroes of P p are contained in these 
discs. We need to shrink z\ for this to be true. We can also make these discs much 
smaller. This means that we have trapped the zero curves for P r and so we can 
take formal limits and get a curve on which P vanishes to infinite order. □ 

We have the following proposition: 

Proposition 1. Let P C „G\> be a prime ideal with D(P) = oo. Then there exists 
a formal curve C such that £*/ ~ for all f G P. 
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Proof. We first choose coordinates z\, . . . ,z n such that / is strictly regular. Note 
that since D(P) — oo, k ^ 0. 

Consider the associated ideals (pk+i, Qk+2 ■ ■ ■ , Notice the discriminant of 
Pk+i, D is not identically zero. Apply Lemma[5]to Pk+i, then there exists a formal 
power curve (' = ((i{t), ■ • ■ , Cfc+i (*)) such that ('*pk+i ~ 0. We mention that 
the curve can always be chosen so that D o (£i(t), C2(t), ■ ■ ■ , Ck(t)) £ 0. 

Next we need to add coordinates Zk +2 (t), ...,z n (t) so that all functions in the ideal 
vanish. Recall q rj = Dzj — Qj(z k+ i) £ I,j > k + 1. Here Qj £ n O[zfe + i]. We solve 
for zj = Qj jD and let Cj (*) = z j for j = k + 2, . . . , n. Then (p k+1 ,q k+2 •••,?«) 
vanishes on = (Ci(i)> C2(*)j • • • > Cn(t))- We'll show Zj — Qj/D is one of the 
formal roots for the defining Weierstrass polynomials pj 6 feOoI^j] an d therefore 
Qj/D vanishes at the origin. Indeed, for each j > k + 1, denote by rij the degree 
of pj £ kOo[zj] with respect to Zj and consider Pj = D Uj pj. Replacing Dzj in 
Pj by qj + Qj. We then get Pj = H(qj) + G(Qj) for some polynomials H(-),G(-) 
with no constant terms. Since Pj S / and Pk+i is the defining polynomial for Zk+i, 
G(Qj) is divisible by Pk+i- Pj therefore identically vanishes on the curve defined 
by (zi, . . . , Zfe+i) = C'(i); 1j{C) — 0- z j — Qj/D is then one of the formal roots for 
the defining Weierstrass polynomials pj . 

Finally we need to show for any / in the ideal /, / vanishes on the formal 
curve C(t)- Indeed, by LemmalU there exists some high power v, such that D v f £ 
(pk+i, <Zfc+2 ■ ■ ■ , 9n)- Therefore (D v f) o ( ~ 0. Notice D vanishes to finite order on 
the curve, thus C* (/) ~ 0. □ 

In order to prove Theorem 3, we also need the following simplification lemmas. 

Lemma 6. If I = Ii D I2 and D(I) = 00, then D(I 3 ) = 00 for some j. 

Proof. Suppose that both D(Ij) < 00. Then for some integers fci,/c2 we have that 
M fej C Ij-,j = 1, 2. Hence M™ ayi{klM} C /. Hence D{I) < 00. □ 

We also similarly define formal radical of an ideal / as follows 
Definition 2. \fl := {/ : there exists an integerfc such that f k G /}. 
Lemma 7. If D(P) = 00 then D(VF) = 00. 

Proof. Suppose that D(\/~P) < 00. Then for some fc, Mq C \fP. Let /i,...,/ s be 
generators of Mq. Then fp £ P for some r^'s. If / £ Mq, then / = J^djfj? so 

f ri + -+r s £ p Then M K c p for laj . ge enough K But thcn D(P) < OO. □ 

Recall that an ideal J is primary if whenever xy £ J then x £ J and y n £ J for 
some n or vice versa. 

We can now prove Theorem |3l 

Let / be an ideal in u Oq. If D(I) = 00 then we want to show that there is a 
formal power curve C near such that (* f ~ for all / £ I. 

Proof. By Lasker-Noether decomposition theorem, we can write / = Pi n • • • n P k , 
where Pj's are primary ideals. By Lemma [6l we have D{Pj) — 00 for some j. 
Lemma [7] also implies D(yfPj) — 00. Notice \/Pj is prime, Proposition [T] implies 
the existence of a formal curve ( such that £*/ ~ for all / £ WPj- Since/ C Pj C 
\fPji C* f ~ for all f £ I. The proof of theorem is thus complete. □ 
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